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The iron Kα line commonly observed in the X-ray spectrum of black hole candidates is produced
by X-ray fluorescence of the inner accretion disk. This line can potentially be quite a powerful tool
to probe the spacetime geometry around these objects and test the Kerr black hole hypothesis. In a
previous paper, we studied the ability to constrain possible deviations from the Kerr solution from
the standard time-integrated iron line spectrum within the Cardoso-Pani-Rico framework. In the
present work, we expand on that study and consider iron line reverberation mapping in the CPR
framework. That is, we consider the time-evolution of the iron line profile in response to fluctuations
in the X-ray primary source. Our simulations clearly show that the time information in reverberation
mapping can better constrain the background metric than the time-integrated approach, and this is
true, notably, for the deformation parameter r3, which is only weakly informed by a time-integrated
observation.
PACS numbers: 98.62.Js, 04.50.Kd, 95.85.Nv
I. INTRODUCTION
In the past 100 years, general relativity has successfully
passed a large number of tests and at present there are
no clear indications of deviations from its predictions [1].
However, the theory has been mainly tested in weak grav-
itational fields, in particular with experiments in the So-
lar System and observations of binary pulsars. Signatures
of new physics can more likely manifest in more extreme
conditions. The ideal laboratory to test general relativ-
ity in strong gravitational fields is the spacetime around
astrophysical black hole (BH) candidates.
BHs are expected to be the final product of gravita-
tional collapse [2] (e.g., for the most massive stars) and
we thus expect a large population of BHs in the Uni-
verse. In 4-dimensional general relativity, the only un-
charged BH solution is described by the Kerr metric,
which has only two parameters, namely the mass M and
the spin angular momentum J of the BH. A fundamen-
tal limit for a Kerr BH is the bound |a∗| ≤ 1, where
a∗ = a/M = J/M2 is the BH spin parameter. For
|a∗| > 1 the Kerr metric describes a naked singularity
and there are arguments to believe that such objects can-
not exist [3]1. Hairy BHs are possible in 4-dimensional
general relativity, but this requires the presence of exotic
fields [6].
Observationally, there is robust evidence for the exis-
tence of two classes of BH candidates [7]: stellar-mass BH
∗ Corresponding author: bambi@fudan.edu.cn
† Einstein Fellow
1 We note that such a bound does not hold in other spacetimes. In
particular, it is possible to create non-Kerr compact objects with
|a∗| > 1 [4] and overspin some non-Kerr BHs, which destroys
their horizons [5].
candidates in X-ray binaries and supermassive BH candi-
dates in galactic nuclei. These objects are termed “can-
didates” because while they are naturally interpreted as
BHs, there is no direct observational confirmation of their
BH nature. More precisely, stellar-mass BH candidates
are too compact and massive to be neutron stars [8],
while supermassive BH candidates are too massive, com-
pact, and old to be clusters of neutron stars [9]. In
the framework of standard physics, both object classes
should be the Kerr BHs of general relativity, and they
could be something else only in the presence of new
physics. Observational confirmation of the Kerr BH hy-
pothesis can thus be seen as a fundamental test of general
relativity in the regime of strong gravity.
Electromagnetic radiation emitted by the gas in the
inner part of the accretion disk can be exploited to test
the nature of BH candidates and constrain possible de-
viations from the Kerr metric [10]. However, this is ob-
servationally quite challenging, in part owing to parame-
ter degeneracy. The thermal spectrum of thin accretion
disks [11, 12] has a simple shape, and, in general, it is
difficult to measure the spin parameter while simultane-
ously constraining possible deviations from the Kerr so-
lution [13]. The iron Kα technique [14, 15] is potentially
more powerful, but the limitation preventing current ob-
servations from being used to test the Kerr paradigm is a
combination of the limited signal strength and the degree
of sophistication of present models [16, 17]. Current data
can exclude that BH candidates are exotic dark stars [18]
or traversable wormholes [19], because the iron line does
not match in the available data. However, many less ex-
otic scenarios are quite challenging to rule out.
The aim of this paper is to extend previous work in
the literature and investigate the advantages, if any, of
iron line reverberation with respect to the standard time-
integrated line spectrum for testing the Kerr metric in the
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2Cardoso-Pani-Rico (CPR) parametrization [20]. In a re-
verberation measurement, the iron line signal is detected
as a function of time in response to an instantaneous
emission of radiation from the corona, which acts as the
primary source of hard X-rays. The resulting line spec-
trum as a function of both time and across photon energy
is called the 2D transfer function. The point is that the
time information in the measurement enables one to dis-
tinguish radiation generated from different parts of the
accretion disk, and this helps to better probe the rela-
tivistic effects occurring in the vicinity of the compact
object.
The constraining capability of the time-integrated
(spectral) approach on the CPR deformation parameters
t3 and 
r
3 was studied in Ref. [17]. In the non-rotating
limit, t3 only alters the metric coefficient gtt, while 
r
3
only the metric coefficient grr. In the case of a rotat-
ing BH, it is still true that gtt is only altered by 
t
3 and
that grr is only altered by 
r
3, but now both the defor-
mation parameters enter gtφ and gφφ in a non-trivial
way. We found that the CPR deformation parameter
t3 is relatively easy to constrain with a high-count spec-
trum, while r3 is much more elusive and even the iron line
of a fast-rotating Kerr BH may be mimicked by a slow-
rotating non-Kerr object with a large positive r3 [17].
Since r3 mainly affects the photon propagation, there is
reason to expect that the time information provided by
reverberation might significantly improve the constraint.
This is indeed confirmed.
As expected, a crucial rule is played by the signal-
to-noise, in agreement with what was found in previ-
ous studies [16]. For Nline = 10
3 counts in the iron
line, which can roughly correspond to a good observa-
tion of a bright AGN today, the reverberation measure-
ment already provides constraints stronger than the time-
integrated iron line, but the CPR deformation parameter
r3 is essentially unconstrained, even in the favorable case
of a fast-rotating BH observed at a large inclination an-
gle. The time sampling of the reverberation measurement
effectively dilutes the signal-to-noise by apportioning the
signal into additional time bins. The measurement is
thus significantly affected by Poisson noise of the source,
especially where starved for signal. For Nline = 10
4
line counts, the reverberation measurement is demon-
strably superior when compared to the time-integrated
constraint. Our simulations show that the CPR defor-
mation parameter r3 can now be constrained, and this
is possible even in the most challenging case of a slow-
rotating BH observed from a low inclination angle.
The content of the paper is as follows. In Sec. II, we
briefly review iron line reverberation mapping within the
disk-corona model with lamppost geometry. In Sec. III,
we simulate data and we compare the constraining power
of the standard time-integrated iron line measurement
with the reverberation one on the CPR deformation
parameters t3 and 
r
3. We summarize our results in
Sec. IV. Throughout the paper, we employ units in which
GN = c = 1 and the convention of a metric with signature
(−+ ++).
II. IRON LINE REVERBERATION MAPPING
In the framework of the corona-disk model with lamp-
post geometry, the X-ray primary source is point-like and
situated along the spin axis of the BH [21]2. Such a con-
figuration could be approximately realized, for instance,
via a system with a jet wherein the X-ray source would be
the jet’s compact base. A flash from the X-ray primary
source illuminates the cold accretion disk, producing a
reflection component which includes emission lines. The
iron Kα line at ∼ 6.4 keV is the most prominent line
feature in the resulting X-ray spectrum. Thanks to the
finite value of the speed of light, fluoresced emission gen-
erated in different regions of the accretion disk reach the
distant observer at different times [23]. The 2D transfer
function is the key-quantity that characterize the system:
it corresponds to the time evolution of the iron line profile
produced by the X-ray source emitting an instantaneous
flare. We neglect any delay due to the atomic reprocess-
ing in the disk, which is expected to be negligibly small
for AGN.
In what follows, we employ the usual Novikov-Thorne
model [24] to describe a thin accretion disk surrounding
the compact object. In this framework, the disk is in the
plane perpendicular to the BH spin, the particles of the
gas follow nearly geodesic circular orbits, and the inner
edge of the disk is set at the radius of the innermost sta-
ble circular orbit (ISCO). The latter assumption plays a
crucial role in present spin measurements, and underpins
both the disk-continuum and iron-line techniques. Cru-
cially, the assumption is empirically supported by the
observed constancy of the accretion disk inner radius in
black hole systems (e.g., [25]).
Our model is specified by the spacetime geometry (spin
parameter a∗ and possible non-vanishing deformation pa-
rameters), the inclination angle of the disk with respect
to the line of sight of the distant observer, i, and the
height of the primary X-ray source, h. In all our sim-
ulations, the iron line profile is added to a power-law
continuum, and therefore we have two additional param-
eters: the photon index of the continuum, Γ, and the
ratio between the photon number in the iron line and in
the continuum. In the lamppost framework, the emis-
sivity profile could be computed self-consistently, e.g., as
in Ref. [26], but here we consider an expedient, instead
adopting a simple power-law behavior with a constant
emissivity index q = 3, which corresponds to the Newto-
nian limit and accordingly must hold at large radii. Since
2 We note that other geometries may also be possible, see e.g. [22].
The reverberation signal does depend on the geometry of the sys-
tem. Once we have the time-resolved data, it is straightforward
to get the time-integrated signal.
3we are not working with real data and are instead illus-
trating a proof-of-concept via model-based simulations,
we expect that this simplification has quite a minor effect
on the principal qualitative results.
III. SIMULATIONS IN THE CPR
FRAMEWORK
A. Theoretical framework
In this work we employ the usual approach for testing
the Kerr solution, namely we consider a more general
background metric characterized by some deformation
parameters. The latter are coefficients that parametrize
our ignorance and their numerical values are observa-
tionally determined. In the Kerr metric, all deformation
parameters vanish, and accordingly the Kerr BH hypoth-
esis is strengthened if the analysis of observational data
returns vanishing deformation parameters.
We note that such an approach is very similar to the
PPN (Parametrized Post-Newtonian) formalism, which
has been successfully used over the last 50 years to test
the Schwarzschild solution in the weak gravitational field
of the Solar System [1]. We test the Kerr metric in the
same manner the PPN formalism has been used for prob-
ing Schwarzschild geometry. It is not possible to directly
test the Einstein equations, in the sense that we cannot
distinguish a Kerr BH of general relativity from a Kerr
BH in another theory of gravity [27]. At the same time,
a possible deviation from the Kerr solution does not nec-
essarily imply the breakdown of the Einstein equations,
because new physics may arise from, e.g., some exotic
matter’s energy-momentum tensor, rather than from the
gravity sector.
As in Ref. [17] for the study of the time-integrated iron
line profile, we employ the CPR metric [20]. In Boyer-
Lindquist coordinates, the line element reads
ds2 = −
(
1− 2Mr
Σ
)(
1 + ht
)
dt2 − 2a sin2 θ
[√
(1 + ht) (1 + hr)−
(
1− 2Mr
Σ
)(
1 + ht
)]
dtdφ
+
Σ (1 + hr)
∆ + hra2 sin2 θ
dr2 + Σdθ2 + sin2 θ
{
Σ + a2 sin2 θ
[
2
√
(1 + ht) (1 + hr)−
(
1− 2Mr
Σ
)(
1 + ht
)]}
dφ2 , (1)
where Σ = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2, and
ht =
+∞∑
k=0
(
t2k + 
t
2k+1
Mr
Σ
)(
M2
Σ
)k
, (2)
hr =
+∞∑
k=0
(
r2k + 
r
2k+1
Mr
Σ
)(
M2
Σ
)k
. (3)
There are two infinite sets of deformation parameters,
{tk} and {rk} (at increasingly high order). Since the
lowest order deformation parameters are already strongly
constrained to recover the Newtonian limit and meet the
PPN bounds (see [20] for more details), in what follows
we consider the leading plausible deformation parameters
t3 and 
r
3. Higher order deformation parameters have
diminishing effect and are accordingly omitted for the
sake of simplicity.
B. Results
To assess the constraining capability of an iron line
reverberation measurement and compare it with that of
the standard time-integrated (spectral) iron line obser-
vation, we proceed as in Refs. [16, 17]. We simulate data
using a reference model, namely a Kerr BH with spin pa-
rameter a′∗ and observed from an inclination angle i
′. As
stated above, for simplicity the emissivity profile is taken
to be a power law, Ie ∝ r−3. We compute both the time-
integrated iron line profile and the 2D transfer function,
assuming an energy resolution ∆E = 50 eV and in the
latter case a time resolution ∆t = M (for instance, if
M = 106 M, ∆t ≈ 5 s). In the case of the reverberation
measurement, the height of the source is a free parameter
to be determined by the fit. In our reference model, the
height of the source is h′ = 10 M . Concerning the power-
law continuum, in the reference model it is normalized to
include 100 times the number of iron line photons when
integrated over the energy range 1–9 keV, and adopting
a nominal photon index Γ′ = 2. This choice corresponds
to an equivalent width of EW ≈ 400 eV, with the precise
value depending weakly on the line shape. In the analysis
below, the ratio between the continuum and the iron line
photon flux, K, as well as the photon index of the con-
tinuum, Γ, are left as free parameters to be determined
by the fit. The impact of the deformation parameter t3
and r3 on both the time-integrated and the reverberation
measurements is illustrated in Fig. 1 (where the power-
law continuum has been removed to better visualize the
effects of the deformation parameters).
We treat these simulated spectra as real data; they in-
clude Poisson noise, and the spectra are binned to achieve
a minimum count-number per bin (nmin = 20). These
spectra are fitted using a BH model that allows for CPR
deformation parameters t3 and 
r
3, viewing angle i, height
of the source h, photon index of the continuum Γ, the ra-
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FIG. 1. Impact of the deformation parameters t3 and 
r
3 on the time-integrated iron line profile (top left panel) and on the 2D
transfer function: top right panel for t3 = 
r
3 = 0 (Kerr black hole), central left panel for 
t
3 = −2 and r3 = 0, central right
panel for t3 = 2 and 
r
3 = 0, bottom left panel for 
t
3 = 0 and 
r
3 = −2, bottom right panel for t3 = 0 and r3 = 2. The spin
parameter is a∗ = 0.95 and the inclination angle is i = 45◦. In the plots of the 2D transfer function, the color indicates the
photon number density and ranges from light gray to black as the density increases (in arbitrary units).
tio between the continuum and the iron line photon flux
K, and black hole spin a∗. We fit using standard χ2
analysis and use contour levels of ∆χ2 = χ2 − χ2min to
discern the strength of constraints that can be obtained.
The results of our simulations are shown in Figs. 2-6,
where the time-integrated constraints are obtained from
the same set of simulation data (using time-tagging) of
the reverberation measurements. In Figs. 2 and 3, the
reference model is a Kerr BH with a′∗ = 0.95 and i
′ = 70◦.
The high spin parameter and the high inclination angle
make this case an ideal source to test the Kerr metric,
because both serve to maximize the relativistic effects.
Fig. 2 shows the time-integrated iron line measurement,
and Fig. 3 gives the corresponding reverberation mea-
surement. In both, the top panels correspond to a total
photon count in the iron line Nline = 10
3, and the bot-
tom panels to the case Nline = 10
4. In the left panels,
we assume r3 = 0 and fit for 
t
3. In the right panels, we
consider the converse, fixing t3 = 0 and treating 
r
3 as
a fit parameter. It is evident that: i) the reverberation
measurement always produces stronger constraints than
the corresponding time-integrated observation with the
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FIG. 2. ∆χ2 contours with Nline = 10
3 photons (top panels) and Nline = 10
4 (bottom panels) from the analysis of the iron line
profile. The data were simulated from a reference model consisting of a Kerr BH with spin parameter a′∗ = 0.95 and inclination
angle i′ = 70◦. We fit for spin and inclination, and in the left panels we allow for a non-vanishing t3 while we assume 
r
3 = 0.
In the right panels we illustrate the converse measurement, namely t3 = 0 while 
r
3 can vary. The ratio between the continuum
and the iron line photon flux, K, as well as the photon index of the continuum, Γ, are also free parameters in the fit.
same Nline, and ii) while the time-integrated measure-
ment cannot constrain r3 even in the case Nline = 10
4
(BHs with very large values of r3 are allowed), the re-
verberation measurement is strongly constraining. Actu-
ally, the reverberation constraints for Nline = 10
4 are so
strong that systematic effects would certainly dominate
given present data and limited model capabilities, which
would impede any current measurement efforts.
Figs. 4 and 5 show the analysis of a less favorable case,
in the sense that the reference model is a Kerr BH with
spin parameter a′∗ = 0.5 observed from an inclination
angle i′ = 20◦. The low values of both the spin pa-
rameter and the inclination angle reduce the impact of
the relativistic effect on the spectra of this source and
therefore the constraints are weaker. Fig. 4 shows the
contour levels of ∆χ2 in the case of a time-integrated
iron line measurement, Fig. 5 displays the corresponding
reverberation constraints. As in Figs. 2 and 3, top panels
refer to the case with a photon number count Nline = 10
3,
the bottom panels to the case with Nline = 10
4. In the
left panels we consider the deformation parameter t3 and
r3 = 0, in the right panels 
t
3 = 0 and 
r
3 is free. The most
important upshot is that the reverberation measurement
with Nline = 10
4 seems to constrain r3 even given low
values of the spin parameter and of the inclination angle.
Lastly, Fig. 6 shows the case in which both t3 and 
r
3
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FIG. 3. Compare to Fig. 2. ∆χ2 contours with Nline = 10
3 photons (top panels) and Nline = 10
4 (bottom panels) from the
analysis of the 2D transfer function. The reference model is a Kerr BH with spin parameter a′∗ = 0.95 and inclination angle
i′ = 70◦. In the left panels, we allow for a non-vanishing t3 and we assume 
r
3 = 0. In the right panels we consider the converse
case, namely t3 = 0 while 
r
3 can vary. The height of the source h, the ratio between the continuum and the iron line photon
flux, K, and the photon index of the continuum, Γ, are also left as fit parameters. See the text for more details.
are allowed to be non-vanishing. The free parameters
are thus seven (a∗, t3, 
r
3, i, h, Γ, K). The left panels
show the constraints from the time-integrated data, while
the right panels show the case of reverberation measure-
ments. The reference model is a Kerr black hole with
spin parameter a′∗ = 0.95 and observed from an inclina-
tion angle i′ = 70◦. The photon count in the iron line is
Nline = 10
4. As in the previous plots, we have used the
same set of simulation data to obtain the time-integrated
and time-resolved constraints. The superior constraining
power of a reverberation measurement is clear.
IV. SUMMARY AND CONCLUSIONS
Astrophysical BH candidates are an ideal laboratory
to test general relativity in the strong field regime. Ac-
cording to Einstein’s theory of gravity, the spacetime ge-
ometry around these objects should be well described by
the Kerr solution. The electromagnetic radiation emitted
by gas in the inner part of the accretion disk is affected
by relativistic effects and the study of narrow (line) fea-
tures in the spectrum can thus provide useful information
for probing the background metric and testing the Kerr
nature of BH candidates.
Parameter degeneracy typically hinders tests of the
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FIG. 4. ∆χ2 contours with Nline = 10
3 photons (top panels) and Nline = 10
4 (bottom panels) from the analysis of the iron line
profile. The reference model is a Kerr BH with spin parameter a′∗ = 0.5 and inclination angle i
′ = 20◦. In the left panels, we
allow for a non-vanishing t3 and we assume 
r
3 = 0. In the right panels we consider the converse case, namely 
t
3 = 0 while 
r
3
can vary. The ratio between the continuum and the iron line photon flux, K, as well as the photon index of the continuum, Γ,
are also free parameters in the fit.
Kerr metric of the spacetime around BH candidates, in
the sense that the same spectral features of a Kerr BH
can be reproduced by a non-Kerr object with a different
spin parameter. As shown by previous studies, the (time-
integrated) iron Kα line has the capability of breaking pa-
rameter degeneracy. At the same time, some deviations
from the Kerr geometry are more difficult to constrain via
the line’s profile than others. In Ref. [17], we found that
the CPR deformation parameter t3 is relatively easy to
constrain, while it is much more challenging to constrain
r3 and even the iron line profile of a fast-rotating Kerr
BH observed from a large inclination angle can be repro-
duced by a slow-rotating non-Kerr object with a large
positive r3.
In the present paper, we have investigated whether iron
line reverberation measurements can better constrain the
Kerr metric than the standard time-integrated iron line,
in particular the CPR deformation parameter r3. Such
possibility was motivated by the fact that r3 affects the
photon propagation and therefore time information is
naturally advantageous. This is indeed what we find.
The results of our simulations are shown in Figs. 2-
6. In the case of Nline = 10
3 photon counts in the
iron line, corresponding to a typical long observation of
a bright AGN with current X-ray facilities, the rever-
beration measurement can already provide a somewhat
84
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FIG. 5. Compare to Fig. 4. ∆χ2 contours with Nline = 10
3 photons (top panels) and Nline = 10
4 (bottom panels) from the
analysis of the 2D transfer function. The reference model is a Kerr BH with spin parameter a′∗ = 0.5 and inclination angle
i′ = 20◦. In the left panels, we allow for a non-vanishing t3 and we assume 
r
3 = 0. In the right panels we consider the converse
case, namely t3 = 0 while 
r
3 can vary. The height of the source h, the ratio between the continuum and the iron line photon
flux, K, and the photon index of the continuum, Γ, are also left as fit parameters. See the text for more details.
stronger constraint than the time-integrated observation,
but it is still difficult to determine the CPR deformation
parameter r3. This is true even in the favorable situ-
ation of a fast-rotating Kerr BH observed from a high
inclination angle. Its 2D transfer function cannot be dis-
tinguished from that of a non-Kerr object with different
spin and large positive r3.
In the case of an order-of-magnitude gain in photon
count, Nline = 10
4 in our simulations, the time informa-
tion of reverberation mapping provides a great advantage
over the standard time-integrated analysis. Now we can
constrain the CPR deformation parameter r3, and this is
true even without an ideal source. Even the 2D trans-
fer function of a slow-rotating Kerr BH observed from
a low inclination angle can be distinguished from that
produced in the spacetime of deformed objects, see the
bottom right panel in Fig. 5. Iron line reverberation map-
ping is a more powerful technique for testing the Kerr
metric and its merit with respect to a time-integrated
approach improves drastically with photon count. Such
behavior is understood and results from the diminished
impact of shot noise with signal strength when subdivid-
ing the spectrum in time. With sufficient line flux, it is
possible to extract more information from the reverber-
ation measurement on the spacetime geometry.
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FIG. 6. ∆χ2 contours with Nline = 10
4 photons from the analysis of the iron line profile (left panels) and the 2D transfer
function (right panels). The reference model is a Kerr BH with spin parameter a′∗ = 0.95 and inclination angle i
′ = 70◦.
The top panels show the plots of ∆χ2 of a∗ vs t3 marginalized over 
r
3. The central panels show the plots of ∆χ
2 of a∗ vs r3
marginalized over t3. The bottom panels show the plots of ∆χ
2 of t3 vs 
r
3 marginalized over a∗. The height of the source h,
the ratio between the continuum and the iron line photon flux, K, and the photon index of the continuum, Γ, are also left as
fit parameters. See the text for more details.
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